The process of fermion production in the field of a magnetic dipole on a de Sitter expanding universe is analyzed. The amplitude and probability for production of massive fermions are obtained using the exact solution of the Dirac equation written in the momentum-helicity basis. We found that the most probable transitions are those that generate the fermion pair perpendicular to the direction of the magnetic field. The behavior of the probability is graphically studied for large/small values of the expansion factor, and a detailed analysis of the probability in terms of the angle between the momenta vectors of the particle and antiparticle is performed. The phenomenon of fermion production is significant only at large expansion which corresponds to the conditions from the early Universe. When the expansion factor vanishes we recover the Minkowski limit where this process is forbidden by the simultaneous energy-momentum conservation.
I. INTRODUCTION
The problem of particle production in electric fields in a de Sitter background is discussed in the literature using both perturbative and nonperturbative methods [29, 37, 38] . These studies take into account the production of scalar particles and Dirac particles in external electric fields. The main results of these papers concern the calculation of the density number of produced particles [29, 37, 38] . Another important conclusion that arises from these papers is that the particles are emitted parallel with the direction of the electric field [29, 37, 38] . Comparatively the problem of pair production in magnetic fields in de Sitter geometry received less attention. In fact, a direct perturbative/nonperturbative calculation of fermion pair production in a magnetic field in de Sitter geometry was not performed in the literature to the best of our knowledge. However, in Minkowski space the production of pairs in strong magnetic fields was discussed in a few papers, using nonperturbative methods [9, 10] . In Ref. [9] , the production of neutral fermions in inhomogeneous magnetic fields was studied. It is known that such strong magnetic fields could exist in the Universe. But the neutron stars or black holes that are supposed to have such magnetic fields also have a strong gravitational field, which could generate particle production. This is the reason we consider that it is important to understand how the calculations from flat space will be affected by the presence of a gravitational field. The problem of the origin of magnetic fields in the Universe was studied in a series of papers [3-8, 10, 16] . This subject is still open since for a complete explanation and understanding of this problem, one needs to combine hydrodynamics with the theory of general relativity. When a gravitational field is present, the problem of pair production in a magnetic field becomes more complicated since there are technical problems that need to be considered with care. For example, if the Dirac field is coupled with an external potential that generates a magnetic field, the resulting Dirac equation is not easy to be solved if the geometry is not flat. In this paper we use perturbative methods to study fermion production by a magnetic field when a gravitational field is present. More precisely we consider the field of a magnetic dipole placed in the large expansion conditions of the early Universe. The approach in other geometries such as Schwarzschild seems to be more difficult because there are no exact solutions of the field equations. For this reason one needs to be careful when trying to extend some of the conclusions reached in this paper to the astronomical objects that have a magnetic field and strong gravitational fields that in principle could generate particle production even for the present day expansion of the space.
Therefore we must specify that our results are valid for strong gravitational fields of the early Universe and weak dipole magnetic fields and that for the present day expansion of the space the probability obtained in this paper is vanishing.
The problem of pair production in de Sitter geometry was studied using nonperturbative methods [15, 19, 30-33, 37, 38, 41, 42] as well as perturbative methods [11, 26, 27, 34-36, 39, 40] . In flat space a direct perturbative calculation of pair production in an external field have the amplitude of transition zero since the energy-momentum conservation forbids this process [21] [22] [23] . In de Sitter geometry this is no longer valid, and we expect a direct perturbative calculation to give nonvanishing amplitudes of transition for the first order processes that generate production in external electromagnetic fields. In this paper we will use the recently developed QED formalism on de Sitter spacetime [26, 27] for computing the first order amplitude that corresponds to the process vacuum → e + + e − , in the presence of the field of a magnetic dipole. The time reversed process represents the absorption of the fermion pair by the magnetic field. This study is performed using the exact solutions of the Dirac equation in the momentum-helicity basis [25, 28, 43] . Adopting the QED formalism in de Sitter geometry [27] , one can study the behavior of the transition amplitudes/probabilities at large expansion (early Universe), as well as the Minkowski limit where the expansion factor vanishes. It is also possible, using this approach, to study what happens in the interesting case when gravity becomes weak.
The paper is organized as follows. In the second section we present the basic elements about the solution of the Dirac equation in de Sitter geometry and give the expression of the potential that produces the field of a magnetic dipole. In the third section we remind the reader the definition of the transition amplitude in the first order of perturbation theory for de Sitter QED. Then we present the main steps for computing the transition amplitude/probability, and we discuss the physical consequences of our calculations. In the fourth section the behavior of the probabilities is graphically studied in terms of the expansion parameter. Also in this section we analyze the probability in terms of the angle between momenta vectors of the pair, for a given expansion parameter. Section five is dedicated to the limit cases as the expansion parameter varies from large to small values, relative to the particle mass. In section six we present our conclusions, and in the Appendix we give the main steps that help us to compute the amplitude and probability.
II. FREE FIELDS
We will start in this section with a brief review of the exact solutions of the free Dirac and Maxwell equations in de Sitter geometry, expanded in the momentum-helicity basis.
The line element [1] for the de Sitter universe is:
where ω is the expansion factor and ω > 0, while the conformal time t c = −
1 ω e −ωt . To define half-integer spin fields on curved spacetime it is required to use the tetrad fields [3] e µ (x) and e µ (x), which fix the local frames and corresponding coframes and which are labeled by the local indices µ, ν, ... = 0, 1, 2, 3. For the line element (1), we can choose the Cartesian gauge with the nonvanishing tetrad components,
The Dirac equation in de Sitter geometry was studied in [25, 42, 43] . In [25] the solutions of the massive Dirac field were obtained in the momentum-helicity basis. The positive/negative frequency modes of momentum p and helicity λ, derived in [25] , are:
where H
(1)
ν (z) are Hankel functions of the first and second kinds and k = m ω , ν ± = 1 2 ± ik. The unit normalized helicity spinors are given by:
These spinors satisfy the relation:
with λ = ±1/2, where σ are the Pauli matrices and p =| p | is the modulus of the momentum vector. Since the charge conjugation symmetry remains valid in a curved background, the negative frequency modes are [25] :
These solutions are normalized such that [25] :
Also the normalization relation (7) is fulfilled by the V solutions, with the specification that the two modes are orthogonal. To clarify what mean positive/negative frequencies we can use the asymptotic expansion of the Hankel functions at large z [17, 18, 24] ,
and obtain that for t → −∞, the modes defined above behave as a positive/negative frequency modes with respect to conformal time t c = −e −ωt /ω:
This is precisely the behavior in the infinite past for positive/negative frequency modes, which defines the Bunch-Davies vacuum [17] .
Further we establish the equation for the external field in de Sitter geometry. In classical electrodynamics the expression of the field of a magnetic dipole [2]
is obtained from the vector potential [2] :
where M is the magnetic dipole moment. Now recalling the conformal invariance of Maxwell equations, it is simple to establish the expression of A in de Sitter geometry. If A M is the vector potential in Minkowski space, then at a conformal transformation the vector potential in de Sitter geometry can be expressed as follows [28] :
where Ω = (ωt c ) −2 for the metric given in Eq.(1). In a local frame the expression of the vector potential is obtained using the simple relation A µ = e µ ν A ν . Then taking A 0 = 0 and using A i = e i j A j one finds that in a local frame the de Sitter vector potential that generates the magnetic field has the following expression:
The hatted indices indicate the components of the four vector potential in local frames.
III. PROBABILITY OF FERMION PRODUCTION
The calculation of the transition amplitude is based on the QED formalism in de Sitter geometry constructed in [27] . This formalism uses perturbative methods to establish the form of the transition amplitudes as in the Minkowski QED. For pair production in an external electromagnetic field, supposing that the fields are coupled by the elementary electric charge e, the expression of the transition amplitude reads [26, 27] :
where e is the unit charge of the field and U p, λ (x) , V p ′ , λ ′ (x) are the exact solutions of the Dirac equation in the momentum-helicity basis given in the previous section. By setting A 0 (x) = 0, the only remaining term that gives a contribution to the amplitude (14) contains the spatial part of the vector potential,
Related to the above QED perturbative approach to the problem of particle production in de Sitter space, there are a few observations that need to be made. First, we must point out that we work in the chart with conformal time t c ∈ (−∞, 0), which covers only half of the whole de Sitter manifold. This chart covers the expanding portion of de Sitter space, and the perturbative QED presented in [27] is also constructed in this chart. We must specify that the phenomenon of particle production due to the interaction was first studied in [19, 20] .
A detailed presentation for this formalism can be found in [19] , and we must stress that our amplitude (14) is equivalent with the in-in amplitude [19, 20] . That means that we take the in vacuum to be the same as the out vacuum, and when we speak about the notion of particle, we refer to the in modes. The first examples of processes that take into account the influence of the field interaction upon the particle production in an expanding background can be found in [20] . In [19, 20] , it was shown that the phenomenon of particle production due to the fields interaction could become more important in comparison with the pure gravitational field production. For these reasons we believe that for a complete picture related to the phenomenon of particle production in expanding de Sitter space, one must complete the existing cosmological production with the production that results from fields interactions. The last important observation is that the outcome of our calculations will be the transition probability that can be interpreted in terms of the density number of particles as in [20] . But there is still plenty of work to be done if one wants to obtain measurable quantities or to set up one experiment for measuring the probability. For example, in a scattering process, if one wants to define the cross section in de Sitter space, there are many difficulties that appear. These are related to the fact that the incident flux will be a quantity dependent on time, and in addition, as a result of the loss of the energy-momentum conservation, the usual delta Dirac term will be missing from the amplitude/probability. As a result, the cross section will depend on the form of the incident wave, which seems to be an unusual situation. All these problems need to be addressed for completing the perturbative results obtained so far for the quantum field theory in de Sitter space.
There are also important results related to the problem of infrared and ultraviolet divergences that could appear in quantum field theory on de Sitter space [12] [13] [14] . These studies deal with the divergences that appear in the two point function in the case of a scalar field.
An interesting result related to the quantum field theory on de Sitter space was obtained in [11] , where a S-matrix formalism was constructed for weakly coupled quantum field theories in the global de Sitter manifold. The main results of [11] prove that the S-matrix is unitary, is de Sitter invariant and transforms properly under CPT. Moreover, the S-matrix obtained in [11] reduces to the usual S-matrix from Minkowski space in the flat-space limit. Here we restrict study to the influence of the fields interaction on the particle production in the chart that covers only the expanding portion of de Sitter space.
A. The amplitude
Using the spinor solutions (3) and the vector potential given in (13) the amplitude could be written in terms of a spatial integral and a temporal integral. The result of the spatial integral reads:
The temporal integral can be expressed using the relation between Hankel functions and Bessel K functions [17, 18] and changing the integration variable to z = e −ωt /ω. Collecting all results, the transition amplitude can be brought to the form:
where sgn stands for the sign function. These integrals can be solved in terms of Heaviside step function θ, gamma Euler functions Γ, and hypergeometric functions 2 F 1 , as we show in the Appendix. The final form of the transition amplitude for fermion pair production in the field of a magnetic dipole in de Sitter space reads:
where the functions f k p ′ p are defined as follows: [17, 18, 26] . The final result is a delta Dirac function δ(p − p ′ ) as was shown in [26] . However, when summed the terms with delta Dirac functions cancel out between them for each integral with Hankel functions [26] .
B. The probability
In this section we will address the physical consequences that emerge from our calculations. The first observation is that the relevant quantity in our analysis is the transition probability, which is obtained summing the square modulus of the amplitude after the final helicities:
The relevant physical parameters that define the probability via the functions
are the ratio k = m/ω (mass of the fermion/expansion parameter) and the momenta of the fermions p , p ′ . This will allow us to consider strong/weak gravitational fields in combination with large/small momenta of the fermions. Note that the influence of the expansion upon the production process in our amplitude/probability enters only via the parameter k.
From the final result given in Eqs. (18) and (20), we observe that the transition amplitude/probability is nonvanishing only for p = p ′ . Therefore we can conclude that the momentum conservation law is broken for the process of fermion pair production in the field of a magnetic dipole in de Sitter geometry. It is known that the geometry (1) has spatial translation invariance as an exact symmetry and the momentum is conserved [26] . The presence of the external field breaks this symmetry and this leads to the violation of the momentum conservation on de Sitter geometry. In other words, the momentum is always conserved for the processes like photon emission/absorption by the electron e − ⇄ e − + γ, pair production/absorption by a single photon γ ⇄ e − + e + (see, for example, Ref. [27] ),
where no external fields are present.
Another important aspect is related to the problem of helicity conservation in the pair production process on de Sitter space. It is known that in Minkowski QED, the helicity conservation becomes important in the ultrarelativistic regime p >> m [21, 22] . From the probability of transition formula (20), we observe that there are nonvanishing probabilities for production processes that conserve or do not conserve the helicity. In our case the helicity is conserved when λ = −λ ′ , and the helicity conservation law is broken when λ = λ ′ . It is also worthwhile to mention that the helicity conservation law could be broken only for processes that produce massive fermions. All these aspects will be better understood in the next section where we will perform a graphical study of the analytical results.
The total probability for pair production is obtained by integrating (20) after the final momenta p , p ′ ,
The integration after the momenta p , p ′ in the probability is difficult, since there are terms that contain the momenta ratio at imaginary powers, which are very oscillatory functions.
An important observation is that in the probability equation (20), we do not have the delta
Dirac function that will allow us to easily perform the momenta integration as in flat space theory. In a future paper we want to approach these integrals that are less studied in literature.
C. Helicity bispinors summation
The topic of this subsection is the computation of helicity bispinors sums from the probability given in Eq. (20) . The two cases of helicity conservation/nonconservation are discussed.
The helicity bispinors expressions for λ = λ ′ and λ = −λ ′ , will be used in our analysis.
Then in an orthogonal local frame { e i }, we take the magnetic moment on the e 3 direction such that M = M e 3 and p
This choice allows us to express the vectorial product in the following form:
From Eq. (22) one can see that the momenta components could be taken in the plane (1, 2), since the p 3 , p ′ 3 components give no contribution, because of the vectorial product. Passing to spherical coordinates the electron and positron momenta have the following components p = (p, α, β) and p ′ = (p ′ , γ, ϕ), where α, γ ∈ (0, π); β, ϕ ∈ (0, 2π). The usual definition for these components is given below as follows:
Fixing α = γ = π/2, we obtain the situation when the momenta components are in the (1, 2)
plane. This means that practically we restrict to the polar components of the momenta,
The analysis of this case is justified by the fact that the probability of fermion production is maximum when the momenta vectors are perpendicular to the direction of the magnetic dipole as can be seen from (22) . If the momenta vectors are in the (1, 2) plane, then α is the angle between p and M ( M ⊥ p ), while γ is the angle between p ′ and M ( M ⊥ p ′ ).
Another consequence of Eq. (22) is that the fermions could not be generated on the direction of the magnetic field since in this case the probability is zero, as a result of the vectorial product. Without losing generality we take α = γ = π/2, and in this case we obtain that the angle between momenta of the particle p and momenta of the antiparticle p ′ is just β − ϕ.
The form of the helicity bispinors can be expressed only in terms of polar angles β , ϕ using the above choice, and the result is given as follows:
Helicity is conserved when λ = −λ ′ and in this case two terms will give contribution to the probability given in (20) that corresponds to λ = . Using equation (25) , the final result of the helicity bispinors summation when helicity is conserved gives (the term dependent on momenta from the spatial integral is included):
The above equation proves that the final expression of the probability depends on the angle between the momenta vectors. Now taking β − ϕ = π, we observe that the probability has a maximum. This corresponds to the situation when the electrons and positrons are emitted perpendicular to the direction of the magnetic field; the momenta vectors are on the same direction and opposite as orientation. For β − ϕ = 0, the probability is vanishing, this being the case when the momenta vectors have the same direction and orientation.
To resume, the electron-positron pair could separate for β − ϕ = π. The helicity conservation law in pair production processes can be one of the physical criteria that could explain the separation between matter and antimatter. Emission at other angles β − ϕ are possible, but these transitions are less probable.
In the opposite case when helicity is not conserved,
, the helicity bispinors summation gives:
From the above equation one may observe that the probability vanishes for β − ϕ = π, which is the case when the fermions momenta are parallel and have opposite orientations.
The interesting situation appears for β − ϕ = 0, when the probability becomes maxim. This is the situation when the momenta vectors have the same direction and orientation, which means that it is very probable for the fermion pair to annihilate into the vacuum.
To conclude, the probability is dependent on the angle between the momenta vectors β − ϕ, in both helicity conserving/nonconserving cases. Another important result is that, in a magnetic field, the pair of fermions will most probably be generated perpendicular to the field direction in both helicity conserving/nonconserving cases. As a last observation we mention that in an electric field the pairs are emitted parallel with the field direction [29, 37, 38] .
IV. GRAPHICAL RESULTS
In this section we will perform a graphical analysis of the probability because its dependence on the physical parameters k, p , p ′ is complicated and only in this way could one better understand the significance of the analytical results. This will allow us to consider strong/weak gravitational fields in combination with small/large values of the momenta modulus p , p ′ . Also in this section we will study the probability dependence in terms of the angle between the momenta of the fermions β − ϕ, when the parameters k, p, p ′ are given.
Using the results of the previous section the final expression for the probability reads (both cases of helicity conservation/nonconservation are considered):
From this equation we observe that the probability has a simple quadratic dependence in terms of the magnetic moment M. Further, we plot the above probability as a function of parameter k for given values of the momenta p, p ′ and fixed angles (the software used for obtaining our graphs is MAPLE). In the helicity conserving case we fix β − ϕ = π since in this case the probability becomes maxim, while in the helicity nonconserving case, the probability becomes maxim if we fix β − ϕ = 0. These results are presented in Figs. (1)-(3). In our graphs the numerical values for the dipole moment are taken in the interval M ∈ (1, 3).
From Figs. (1)- (3), we observe that the probability of fermion production is significant only for small values of the parameter k. This result shows that the phenomenon of fermion production is important only in strong gravitational fields or equivalently when the expansion factor ω is large comparatively with the fermion mass. In other words the graphical results prove that the phenomenon of pair production is significant only in the early Universe. This conclusion is in accordance with the important results obtained by Parker [31] [32] [33] , which also proves that the phenomenon of particle production was important only in the early Universe. When the parameter k ∼ 1, the probabilities decrease rapidly and approach to zero, in both helicity conserving/nonconserving cases. For large k the probability for pair production reduces to zero (see Figs. (1)- (3)), this being the first confirmation that we obtain the Minkowski limit, which corresponds to k = ∞.
In the helicity nonconserving case we obtain that the probability of pair production vanishes for massless fermions (see Figs. (1)- (3)). This result is expected since the helicity conservation law could be broken only for massive fermions. The graphical results show that the probability of fermion production in the helicity nonconserving case is negligible comparatively with the probability of production in the helicity conserving case, when the ratio of the momenta is close to unity (see Fig. (1) ). As the ratio of the momenta becomes smaller, p/p ′ << 1, the probability of pair production in the helicity nonconserving case becomes important (see Figs. (2)- (3)). From our graphs it is clear that the most probable processes are those that conserve the helicity and have the ratio of the momenta close to unity. To conclude when the momenta modulus are close as value (p ∼ p ′ ), there is a tendency for helicity conservation while the helicity nonconservation is present when the momenta modulus are different as value (p >> p ′ ). Our graphs shows that the processes with helicity conservation will be dominant in the case of pair production in the field of a magnetic dipole in de Sitter space.
becomes more pronounced as the ratio of the momenta p/p ′ becomes smaller. This behavior originates from the probability equation, which is proportional with terms of the form
. Another interesting aspect related to the graphs is that fermions are created up to m/ω ∼ 1, and in this interval the probabilities in both helicity conserving and nonconserving cases have a series of minima and maxima that decrease as m/ω increase. If we increase the dipole moment modulus M, a graphical analysis shows that the probabilities become bigger and will have nonvanishing values in the same interval m/ω ∈ (0, 1) as we mentioned above. So our analysis was done for a small magnetic dipole moment, placed in strong gravitational fields of the early Universe. It is clear now that our results are valid only for the large expansion phase, and in the Minkowski limit the probability is zero.
In what follows we will analyze the dependence of the probability in terms of the angle between the momenta vectors β − ϕ, for given values of the parameter k and different values of the momenta ratio p/p ′ . The two situations when the helicity is conserved or not conserved will be included in our analysis. In Fig.(4) , we observe that the probability of pair production in the helicity conserving case is nonvanishing only when the angle between momenta vectors is close to π. As the ratio p/p ′ approaches unity, we observe that the probability has more pronounced maxima in β − ϕ = π. The graphical result obtained Fig.(4) , confirm the observations made in the previous section and show that in the helicity conserving case the matter and antimatter could separate, since the momenta vectors of the pair are opposite at orientation and are aligned in the same direction.
In Fig.(5) we present the probability dependence of the angle in the helicity conserving case, with the specification that the small values of the ratio p/p ′ were considered. Here one can observe that the probability maximum at β − ϕ = π is not so pronounced and there are nonvanishing probabilities for pair generation even for smaller values of the angle between momenta vectors β −ϕ. The variation with parameter k shows that as k → 0, the probability increases since the gravity becomes stronger (or equivalently the mass approaches zero).
In Figs. (6)- (7) we present the angular dependence of the probability of pair production in the case when helicity is not conserved. From Fig.(6) we see that when the momenta ratio is small, the probability has a maximum at β − ϕ = 0 and is zero for β − ϕ = π. When the parameter k is close to zero, the probability of pair production in the helicity nonconserving case becomes very small. This is expected since at zero mass the probability vanishes in the helicity nonconserving case, as we can observe from our plots in terms of parameter k (see Figs. (2)- (3)). Fig.(7) gives the probability dependence of the angle β −ϕ when the momenta ratio p/p ′ is close to unity. From Fig.(7) we see that the probability has two maxims for angles close to π, and it is worth to mention that these maxims increase and become more closer to π as the ratio p/p ′ approaches unity. This proves that when p/p ′ is close to unity, the maximum value of the probability is shifted from small β − ϕ ∼ 0 to large angles close to π, even when the helicity is not conserved. From here we can draw the conclusion that the pair could separate even in the helicity nonconserving case when the momenta moduli are close in value, but the probability for such a process is much smaller comparatively with the helicity conserving case presented in Fig.(4) .
Further we present the polar plots of the probability as a function of angle β − ϕ. In
Figs. (8)- (9), are given the polar plots of the probability in the case when the helicity is conserved. The probability is larger at angles very close to π and when the momenta vectors are almost equal as moduli. The polar plots of the probability in the helicity nonconserving case are presented in Figs. (10)- (11) . Here the probability is maxim at small angles, except with the case when the momenta vectors are close as moduli, when the maximum is close to π (see Fig.(11) ). (8), (9)). In the case of helicity conservation when the ratio p/p ′ is close to unity, the vector p points from the center of the circle toward the value β = π (see Fig. (9) ). When the ratio p/p ′ becomes small, the momentum of the particle p could be oriented such that β could take a large spectrum of values around π (see Fig.(8) ). The polar plots also show that, when helicity is conserved the momentum of the particle could not have the same orientation with the antiparticle momenta (ϕ = β = 0), because in this case the probability is zero. Passing to the case when helicity is not conserved, we observe that taking ϕ = 0 and fixing the direction and orientation of p ′ , then the momenta of the particle p will be oriented such that the maximum of the probability is reached for β = 0, in the case when the ratio p/p ′ is small (see Fig.(10) ). When the ratio p/p ′ approaches unity, the momenta of the particle could be oriented such that β could increase up to values around π as we can see from Fig.(11) , with the observation that in β = π the probability vanishes.
V. LIMIT CASES
The fact that the amplitude is vanishing in the helicity nonconserving case for null mass fermions is also confirmed from our plots of the probability in terms of parameter k. In the null mass limit the only contribution in probability comes only from processes that preserve the helicity conservation law. The transition probability for null mass is obtained from the amplitude equation (30):
In this limit the probability is negligible, and our formulas suggest that for large k, the probability vanishes as e −2πk .
A simple graphical analysis shows that the functions g have an oscillatory behavior in terms of parameter m/ω that extends for large values of m/ω. However, when replaced in the probability the exponent e −2πk will cancel the oscillatory behavior and the probability will become negligible for m/ω >> 1. This result shows that the probability dependence of parameter m/ω is mainly determined by the exponent factor e −2πk . For this reason the terms from the probability formula that are responsible for the oscillatory behavior can be neglected, without altering the result, and finally we obtain:
This formula shows that the probability drops rapidly to zero as m/ω ∼ 1 and this behavior is preserved for any given values of M. The perturbative results presented here are valid only in the large expansion conditions from the early Universe as we can see from graphs
(1)-(3). In other words, the calculations are valid only when the gravitational fields are much stronger than the magnetic field. For this reason it will be interesting to study the situation when the magnetic fields are dominant or the case when the gravity and magnetism are both strong. This requires the use of a different metric than de Sitter and the best candidates are the metrics that describe the black holes. It is known that in the vicinity of a black hole, the magnetic fields are very strong. This situation could have dramatic consequences upon the pair production process, increasing significantly the rate of pair production. The first step in approaching this interesting subject will be the study of the Dirac equation with an external potential that generates a magnetic field in the Schwarzschild geometry. The results obtained so far for the free Dirac equation in Schwarzschild geometry [44, 45] suggest that such a study could be addressed. The analysis presented in this paper represents the first step in studding the production of particles when the magnetic fields and the gravitational fields are present. If one considers strong magnetic fields, then the nonperturbative approach to the problem of pair production could be used. As far as we know, the nonperturbative approach to the problem of fermion production in the magnetic field in de Sitter geometry was not covered in the literature.
VI. CONCLUSIONS
The process vacuum → e − + e + in the presence of an external magnetic field was studied using perturbative methods. We found that the most probable transitions are those in which the fermion pair is emitted perpendicular to the direction of the magnetic field. Also we found that the momentum modulus is no longer conserved in the process of pair production in the magnetic field in de Sitter geometry. The probability properties were studied in the cases when helicity is conserved and when the helicity conservation law is broken. Our analysis led to the conclusion that in the helicity conserving case the fermions could separate, while in the helicity nonconserving case it is more probable for the pair to annihilate into the vacuum.
Another result worth mentioning is that the pair production process is significant only in the strong gravitational fields of the early Universe. Therefore even a small field of a magnetic dipole could produce fermions in conditions from the early Universe due to the large expansion of the space. When the expansion factor vanishes ω = 0, we can recover the Minkowski limit where this process is forbidden by the energy-momentum conservation laws. Consequently our result cannot be extended to the present day conditions since the amplitude is vanishing in this case. It will be interesting to study the phenomenon of fermion production in magnetic fields in other geometries, since this subject received less attention in the literature and could have important implications in Astrophysics. Our analysis was done in the de Sitter metric, which is adequate for describing the conditions from the early Universe. We hope that the results presented in our paper concerning the particle production in magnetic fields will be of interest for cosmology and quantum fields in de Sitter space.
VII. APPENDIX
Here we briefly present the main steps leading to the amplitude of pair production in magnetic field (18) . Using the relation that connects Hankel functions and Bessel K functions [17, 18, 24] :
we finally arrive at integrals of the type [24] : 
In our case λ = −1, and the second condition for convergence is satisfied. We also observe that in our case a, b are complex. For solving our integrals we add to a a small real part a → a + ǫ, with ǫ > 0, and in the end we take the limit ǫ → 0. This assures the convergence of our integral and will correctly define the unit step functions and f k functions. No notable differences appear if we evaluate the integrals directly with imaginary a, b.
The final form of the functions f k is obtained if we use the following identity between hypergeometric functions [17, 24] 
